This paper investigates the plane problem of a frictional receding contact formed between an elastic functionally graded layer and a homogeneous half space, when they are pressed against each other. The graded layer is assumed to be an isotropic nonhomogeneous medium with an exponentially varying shear modulus and a constant Poisson's ratio. A segment of the top surface of the graded layer is subject to both normal and tangential traction while rest of the surface is devoid of traction. The entire contact zone thus formed between the layer and the homogeneous medium can transmit both normal and tangential traction. It is assumed that the contact region is under sliding contact conditions with the Coulomb's law used to relate the tangential traction to the normal component. Employing Fourier integral transforms and applying the necessary boundary conditions, the plane elasticity equations are reduced to a singular integral equation in which the unknowns are the contact pressure and the receding contact lengths. Ensuring mechanical equilibrium is an indispensable requirement warranted by the physics of the problem and therefore the global force and moment equilibrium conditions for the layer are supplemented to solve the problem. The Gauss-Chebyshev quadrature-collocation method is adopted to convert the singular integral equation to a set of overdetermined algebraic equations. This system is solved using a least squares method coupled with a novel iterative procedure to ensure that the force and moment equilibrium conditions are satisfied simultaneously. The main objective of this paper is to study the effect of friction coefficient and nonhomogeneity factor on the contact pressure distribution and the size of the contact region.
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Introduction
The formation of contacts are an indispensable part of numerous applications like clutches, brakes, engines, hinges, gaskets, castings and rail-wheels, to name a few (Popov, 2010) . Understanding the underlying physics of contacts formed when separate bodies are pressed against each other is therefore absolutely essential. Investigations into the mechanics of contacts have garnered the attention of researchers for past several years. Of particular interest is the receding contact problem in which the contact region shrinks when two bodies are pressed against each other (Dundurs, 1975) .
Several researchers have studied the receding contact problem via numerical and analytical techniques. Most numerical studies were based on the finite element method (e.g., Jing and Liao, 1990; Satish Kumar et al., 1996) or on the boundary element method (Anderson, 1982; Garrido et al., 1991; Garrido and Lorenzana, 1998; Paris et al., 1992 Paris et al., , 1995 Graciani et al., 2005) . As the present study adopts an analytical methodology to solve the contact problem, the literature review that follows will focus on the most relevant investigations that adopted analytical methods.
Under the assumption of plane stress, plane strain and axisymmetric conditions, Keer et al. (1972) investigated the smooth receding contact problem between an elastic layer and a half space. The same problem was solved by Gladwell (1976) treating the layer as a simple beam in bending. The plane smooth contact problem for an elastic layer lying on an elastic half space with a compressive load applied to the layer through a frictionless rigid http://dx.doi.org/10.1016/j.ijsolstr.2014.09.017 0020-7683/Ó 2014 Elsevier Ltd. All rights reserved. stamp was studied by Ratwani and Erdogan (1973) . Civelek and Erdogan (1974) studied the general axisymmetric double frictionless contact problem for an elastic layer pressed against a half space by an elastic stamp. The frictionless contact problem of a semi-infinite cylinder compressed against a half space was considered by Gecit (1986) . Birinci and Erdol (1999) studied the frictionless contact problem between a flat-ended or rounded rigid stamp and two elastic layers. Comez et al. (2004) investigated the plane double receding contact problem for a loaded rigid stamp in contact with two different elastic layers. All these studies ignored the presence of friction at the contact zones. However, in most applications, a perfectly frictionless contact interface is impossible to find in practice. In a recent study, Comez (2010) studied the double receding contact problem including the effect of friction. Here a rigid cylindrical stamp was considered that applies both normal and tangential loads on to a homogeneous layer which is in contact with a homogeneous half plane.
In the past two decades, Functionally Graded Materials (FGMs) have emerged as a viable alternative to conventional homogeneous coatings or layers (Erdogan, 1995) . FGMs generally comprise of at least two-phase inhomogeneous particulate composites. They are synthesized in such a way that the volume fractions of the constituents vary along any desired spatial direction, resulting in materials having relatively smooth variation of mechanical properties. The ability to engineer the mechanical properties of FGMs endows them with superior characteristics such as resilience to fracture and remarkably less propensity for stress concentration. Therefore it comes as no surprise that they have great potential to be used in a wide range of engineering applications like thermal shielding material such as for high temperature chambers, furnace liners, turbines, micro-electronics and space structures, as well as in various contact mechanics applications, such as gears and cams (Holt et al., 1992) . El-Borgi et al. (2006) studied the single receding contact problem between a functionally graded layer and homogeneous semi-infinite medium by neglecting friction. This work was extended by Rhimi et al. (2009) considering the axisymmetric receding contact problem between a functionally graded layer and homogeneous substrate. Further, the axisymmetric double receding contact problem between a functionally graded layer and homogeneous half-space was studied by Rhimi et al. (2011) . Both these investigations (Rhimi et al., 2009 (Rhimi et al., , 2011 also ignored the presence of friction.
It is clearly evident from the literature survey that investigations into the receding contact problem including friction are few and far between. To the best of the author's knowledge, except for the investigation by Comez (2010) , the frictional receding contact problem has not been studied in literature. Comez (2010) considered the double receding contact problem where a rigid cylindrical stamp is pressed onto a layer of finite thickness that is in contact with a semi-infinite medium. Both the layer and the semi-infinite medium were assumed to be made of homogenous materials. In the present study, the assumption of the homogeneous layer will be removed and instead a functionally graded layer will be considered to study the frictional single receding contact problem. The objective of the present work is to extend the study by El-Borgi et al. (2006) by including friction for the plane problem of a receding contact between an elastic functionally graded layer and a homogeneous half space. Due to the presence of the nonhomogeneous graded layer and friction, the problem at hand is more complex than the one studied by El-Borgi et al. (2006) . Friction introduces an additional constraint in the problem in the form of the moment equilibrium condition which must be satisfied in addition to the usual force equilibrium. A segment of the top surface of the graded layer is subjected to normal and tangential traction. The mixed-boundary value problem is solved by deriving the singular integral equation. By employing the Gauss-Chebyshev quadrature-collocation method, the singular integral equation is converted to an overdeter-mined system of algebraic equations. It will be shown that this overdetermined system can be solved accurately using a least squares method, keeping in mind that the mandatory requirements of force and moment equilibrium must be satisfied simultaneously. To this end a novel iterative algorithm has been devised and coupled to the least squares solution, so that mechanical equilibrium conditions are satisfied without fail.
The paper is organized as follows. In Section 2, the problem description and formulation is provided. The solution methodology and derivation of the singular integral equation is discussed in Section 3. In Section 4, numerical solution for solving the singular integral equation is described and results are presented and discussed in Section 5. Finally, Section 6 summarizes the important conclusions of this study.
Problem description and formulation
The problem under consideration is illustrated in Fig. 1 . A functionally graded layer of thickness h which is infinitely long in the x direction is in contact with a homogeneous semi-infinite medium. As shown in Fig. 1 , the graded layer and the homogeneous half space span the domains 0 6 y 6 h and y 6 0 respectively. For the analysis that follows, a Cartesian (x, y) coordinate system with the abscissa positioned at the interface between the graded layer and the homogeneous substrate as shown in Fig. 1 will be used.
The graded layer is modeled as a nonhomogeneous isotropic material with the shear modulus varying along the y-direction.
The Poisson's ratio m is assumed to be a constant while the gradient in shear modulus is assumed to vary exponentially as follows:
Here l 0 is the shear modulus of the homogeneous medium and b is the non-homogeneity parameter that controls the variation of the shear modulus in the functionally graded layer. In addition, the Poisson's ratio m is assumed to be same in both the layer and the homogeneous half-space.
The graded medium is subjected to a known applied load in the form of a normal traction given by p n (x) as shown in Fig. 1 . Due to friction, a tangential component p t (x) develops. The loads are applied over the segment Àa 6 x 6 b on the top surface of the layer. The tangential component is related to the normal traction through the Coulomb's law of friction as follows:
where g is the friction coefficient.
As a result, the two bodies deform and a contact develops between the graded layer and the homogeneous half space. It is assumed that the contact occurs over the interval Àc 6 x 6 d. Following the work by Comez (2010) , the contact region between the FGM layer and homogeneous medium ðÀc 6 x 6 dÞ is considered to be in sliding conditions. That is, in Fig. 1 , it is assumed that the FGM layer moves from right to left (or in negative x-direction) with a constant relative velocity with respect to the homogenous half-space. For sufficiently small relative velocities compared to the speed of sound in the medium a quasi-static steady analysis (Scheibert et al., 2009) can be performed as shown in this paper. A compressive normal traction develops in the segment Àc 6 x 6 d denoted by q n (x) as shown in Fig. 2 . As the FGM layer slides over the homogeneous substrate, a tangential traction due to kinetic friction develops denoted by q t (x) which acts in the opposite direction to the assumed direction of relative velocity as shown in Fig. 2 . It is also assumed that the friction coefficient g is the same on the top surface of the graded layer and in the contact zone (Comez, 2010) . Under sliding conditions (Johnson, 1985; Barber and Ciavarella, 2000) , the tangential component of traction is related to the normal component by the Coulomb's law of friction q t ðxÞ ¼ Àgq n ðxÞ; Àc < x 6 d:
It must be noted that the entire contact region is assumed to be in slip (pure sliding) and is therefore devoid of any stick zones (Ciavarella, 1998; Barber and Ciavarella, 2000) . The problem where both stick and slip zones are found in the contact region forms part the incipient sliding problem, or the so called partial slip problem (See for example Johnson, 1985; Guler et al., 2012; Alinia et al., 2014; Guler et al., 2013) which is outside the scope of the present study. Here, the bodies in contact are stationary and just begin to slide and both stick and slip zones may appear in the contact region. In the slip zones, in addition to imposing |q t (x)| = gq n (x), one must also check if the relative displacements are in the opposite direction to the assumed direction of tangential traction. Here as we assume fully sliding conditions with no stick zones and only slip, it is sufficient to impose the condition in Eq. (3) and assume that the direction of tangential traction is opposite to the relative velocity as shown in Fig. 2 .
In the single receding contact problem that is considered here, the objective is to find (i) the region of contact between the functionally graded layer and the homogeneous substrate which is given by the receding contact lengths c and d and (ii) the normal traction q n (x) that is developed in this contact area. It is assumed that the distribution of the applied normal traction p n (x) is known a priori.
The x and y components of the displacement field are denoted by u and v respectively. The stress components in the Cartesian (x, y) system are given by r xx , r yy and r xy while the associated strain field components are denoted by e xx , e yy and e xy .
In order to solve the receding contact problem, we consider the equations of equilibrium for the graded layer and the homogeneous half-space separately. By neglecting the body forces, the strain-displacement and the linear elastic stress-strain relationships are respectively given by (El-Borgi et al., 2006) @r xx @x þ @r xy @y ¼ 0; @r xy @x þ @r yy @y ¼ 0; ð6e; fÞ where j = 3 À 4m for plane strain and j = (3 À m)/(1 + m) for generalized plane stress and l 0 and l 1 are defined in Eq. (1). The subscript j is used to delineate the graded layer and homogeneous half space.
Here j = 0 represents the homogeneous half-space and j = 1 denotes the graded layer. By combining Eqs. (1), (4-6), the plane elasticity equations are derived. For the graded layer we have ðj þ 1Þ @ 2 u @x 2 þ ðj À 1Þ
ðj À 1Þ
The elasticity equations for the homogeneous half-space (b = 0) are given by ðj þ 1Þ @ 2 u @x 2 þ ðj À 1Þ
Consider the graded layer separately as shown in Fig. 2 . The plane elasticity equations (7a,b) are subject to the following boundary conditions: r yy ðx; hÞ ¼ Àp n ðxÞ; Àa < x < b; r yy ðx; hÞ ¼ 0; x 6 Àa; x P b; ð8a; bÞ r xy ðx; hÞ ¼ Àgp n ðxÞ; Àa < x < b; r xy ðx; hÞ ¼ 0; x 6 Àa; x P b; ð9a; bÞ r yy ðx; 0 þ Þ ¼ Àq n ðxÞ; Àc < x < d; r yy ðx; 0 þ Þ ¼ 0; x 6 Àc; x P d; ð10a; bÞ r xy ðx; 0 þ Þ ¼ Àgq n ðxÞ; Àc < x < d; r xy ðx; 0 þ Þ ¼ 0; x 6 Àc; x P d:
ð11a; bÞ
For the homogeneous medium, the plane elasticity equations (7c,d) are subject to the following boundary conditions: r yy ðx; 0 À Þ ¼ Àq n ðxÞ; Àc < x < d; r yy ðx; 0 À Þ ¼ 0; x 6 Àc; x P d; ð12a; bÞ r xy ðx; 0 À Þ ¼ Àgq n ðxÞ; Àc < x < d; r xy ðx; 0 À Þ ¼ 0; x 6 Àc; x P d:
ð13a; bÞ
In addition the regularity conditions require that the stresses vanish at infinity. Therefore we have r yy ðx; yÞ ¼ 0; r xy ðx; yÞ ¼ 0; x 2 þ y 2 ! 1: ð14; 15Þ From Fig. 2 , it is clear that the system of forces due to applied loads and the resulting contact forces acting on the graded layer must satisfy mechanical equilibrium conditions. These yield two auxiliary conditions, of which the first one is the global force equilibrium of the FGM layer which can be written as
In addition, the presence of friction also produces moments. To ensure mechanical equilibrium it is imperative that the force system that develops satisfies moment equilibrium. By taking moment about any suitable point, the second auxiliary condition given by the global moment equilibrium of the FGM layer is obtained as
Between the two layers, the y-component of the displacement field across the contact segment is continuous, that is
To eliminate rigid-body displacements and simultaneously ensure continuity of displacement along y, Eq. (17) can be differentiated with respect to x and rewritten as @ @x
3. Solution of the contact problem
The plane elasticity Eqs. (7a,b) and (7c,d) represent a system of coupled partial differential equations (PDEs). They need to be solved separately to determine the displacement field u(x, y) and v(x, y) for both the graded layer and homogeneous medium. Once the displacement field is found, the stresses can be calculated using the relationships given by Eqs. (5) and (6). First the PDEs are converted into a system of ordinary differential equations (ODEs) by employing standard Fourier transform of the dependent variables u and v with respect to the x-coordinate. For the graded layer, the Fourier transforms for the displacement fields are given by (19a,b) and (7a,b) are converted to a system of decoupled fourth-order ODEs for the graded layer withũ andṽ as the dependent and y as the independent variables. The ODEs can be solved forũ andṽ following well known mathematical techniques and the associated fourth-order characteristic polynomial is given as (El-Borgi et al., 2006) 
The roots of the above equation are in general complex quantities and are denoted by m 1 , m 2 , m 3 and m 4 . Two of them are complex conjugates of the others, with m 3 ¼ m 1 and m 4 ¼ m 2 . The roots m 1 and m 2 are given by
The solution of the ODEs for the graded layer can be expressed in terms of the roots of the characteristic polynomial as follows:
ð22a; bÞ
In the above equations, the unknown functions C k ðkÞðk ¼ 1; 2; 3; 4Þ can be determined using the boundary conditions given in the preceding section. In Eq. (22b), s k ðkÞðk ¼ 1; 2; 3; 4Þ are known functions and may be expressed as follows:
Substituting Eq. (19) into (5) and then the resulting expressions into (6) yields the stress field in the graded layer which is of interest and can be written as follows: 
Following the same procedure as that for the graded layer, the plane elasticity Eqs. (7c,d) are solved to obtain the expressions for the displacement field in the homogeneous medium ðy 6 0Þ. First the PDEs (7c,d) are converted to a decoupled system of fourth-order ODEs using the Fourier transforms that have the same form as Eqs. (19a,b) . As b = 0 for the homogeneous medium, the characteristic polynomial has repeating roots ðAEjkjÞ resulting in expressions for the inverse Fourier transforms as shown below uðk; yÞ ¼ũ 1 ðk; yÞe jkjy þũ 2 ðk; yÞe Àjkjy ; vðk; yÞ ¼ṽ 1 ðk; yÞe jkjy þṽ 2 ðk; yÞe Àjkjy ; y 6 0;
ð27a; bÞ where the functionsũ 1 ðk; yÞ,ũ 2 ðk; yÞ,ṽ 1 ðk; yÞ andṽ 2 ðk; yÞ are given bỹ
ð29c; dÞ in which functions s 5 ðkÞ and s 6 ðkÞ are known and given by After applying the regularity conditions (14)- (15), we can express the Fourier transform variables asr yy ðk; yÞ ¼ l 0 j À 1 p 5 C 5 ðkÞ þ ðp 5 y þ p 6 ÞC 6 ðkÞ ½ e jkjy ; y 6 0; ð32Þ r xy ðk; yÞ ¼ l 0 ½q 5 C 5 ðkÞ þ ðq 5 y þ q 6 ÞC 6 ðkÞe jkjy ; y 6 0;
ð33Þ in which the p k ðkÞ and q k ðkÞðk ¼ 5; 6; 7; 8Þ are known functions given by
To evaluate the unknown functions C k ðkÞðk ¼ 1; 2; 3; 4Þ in Eqs. (22a,b), the boundary conditions (8) to (11) are imposed on the stress field obtained for the FGM layer in Eqs. (24a,b). Taking inverse Fourier transforms of the resulting relations leads to a linear algebraic system of equations for the unknown functions C k ðkÞ expressed in terms of the Fourier transforms of the known tractions p n and the unknown q n , as follows: 
wherepðkÞ andqðkÞ are given bỹ
The system of equations given by (35) can be inverted analytically to obtain the expressions of C k ðkÞ in terms ofpðkÞ andqðkÞ as follows:
where D is the determinant and D jk (j = 1, 2, 3, 4; k = 1, 2, 3, 4) is the sub determinant corresponding to the elimination of the jth row and kth column of the coefficient matrix in the system of Eqs. (14)- (15) are applied to the expressions of the stress field obtained for the homogeneous medium given by Eqs. (32a,b). This yields C 7 ðkÞ ¼ C 8 ðkÞ ¼ 0. Furthermore, using the boundary conditions (12)-(13) the following expressions of C 5 ðkÞ and C 6 ðkÞ are obtained in terms ofqðkÞ C 5 ðkÞ ¼ Àðj À 1Þq 6 þ gp 6 p 5 q 6 À p 6 q 5q ðkÞ; C 6 ðkÞ ¼ Àgp 5 þ ðj À 1Þq 5 p 5 q 6 À p 6 q 5q ðkÞ:
ð38a; bÞ
We are now only left with the continuity condition given by Eq. (18). In conjunction with the relationships developed in Eqs. (37) and (38), (18) (40a,b) can be simplified by separating the integral from À1 to +1 into two parts at 0 and then making a change of variables for the integral between À1 and 0 by inverting the sign of k. After making this transformation, the expressions for f(x, t) and K(x, t) can be written as follows:
Kðx; tÞ ¼ lim
where expressions for WðkÞ, VðkÞ, Nðy; kÞ and Mðy; kÞ are derived in Appendix A.2.
To assess the nature of the singular integral equation (39), the behavior of the kernel K(x, t) needs to be investigated. From Eq. (41b) it is clear that the asymptotic behavior (as k tends to infinity) depends on the behavior of Nðy; kÞ and Mðy; kÞ. It is easily verified that Mðy; kÞ tends to zero asymptotically and hence is a wellbehaved function. However, Nðy; kÞ diverges as k goes to infinity and the dominant part of the kernel can be found by taking the asymptotic expansion of Nðy; kÞ. Using MAPLE for lengthy algebraic manipulations, the asymptotic expansion of Nðy; kÞ is as follows:
where the coefficients b 0 to b 6 are given in Appendix A.3. The dominant term in Eq. (42), that is, b 0 e ky gives rise to a Cauchy singularity (El-Borgi et al., 2006) . The singularity can be extracted from the kernel K(x, t) as follows:
As the singularity has now been separated from Nðy; kÞ in Eq. (41b), the limit can be taken under the integral sign and it simplifies to 
where Kðx; tÞ is a Fredholm type kernel with Kðx; tÞ ¼ K 1 ðx; tÞ þ K 2 ðx; tÞ and K 1 ðx; tÞ ¼ 1
Here,
It must be noted that, in the most general case, the contact problems with friction give rise to singular integral equations of the second kind (see for example, Guler and Erdogan, 2004; Comez, 2010) . However, here a first kind singular integral equation is obtained. It can be shown that this is due to two simplifying assumptions used in this problem. Firstly, it is assumed that the Poisson's ratio m is assumed to be the same in both the graded layer and the homogeneous semi-infinite medium. Secondly, the shear modulus is assumed to be continuous in the contact region between the layer and the homogeneous substrate as implied by Eq. (1) 
Numerical solution of the singular integral equation
We seek to solve the singular integral equation (45) to obtain the contact normal traction, q n (t) and the bounds of the receding contact region given by Àc and d. In addition, the mandatory requirement of mechanical equilibrium must be ensured by satisfying the auxiliary conditions given in Eqs. (16a,b) . This presents a nonlinear problem for which an analytical solution is not possible and hence we resort to numerical techniques to solve Eq. (45) in conjunction with Eqs. (16a,b) . Applying the following transformations to Eqs. (45) 
Eq. (50) is a singular integral equation of the first kind with index v = À1 (Erdogan and Gupta, 1972; Erdogan et al., 1973) . As the contact stresses are zero at the edges of the contact at s = ±1, the solution is bounded and can be expressed as q Ã ðsÞ ¼ wðsÞ/ðsÞ where wðsÞ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffi 1 À s 2 p is the weight function associated with Chebyshev polynomials of the second kind U n ðsÞ ¼ sinððn þ 1Þ arccosðsÞÞ= ffiffiffiffiffiffiffiffiffiffiffiffiffi 1 À s 2 p . By using a Gauss-Chebyshev quadrature-collocation technique (Erdogan and Gupta, 1972; Erdogan et al., 1973) , the singular integral equation (50) can be converted to a system of algebraic equations as follows:
In the above equation s i represent the quadrature points which are taken as zeros of the Chebyshev polynomial of the second kind U n (s). The collocation points r k are the zeros of the Chebyshev polynomials of the first kind T n (r), which are given by
Using the quadrature formula (Erdogan and Gupta, 1972; Erdogan et al., 1973) the force equilibrium condition in Eq. (48) can be written in a discretized form as
In order to simplify the analysis, the normal component p n (x) of the applied loading is taken to be symmetric across the y-axis (x = 0) with b = a. The corresponding tangential component p t (x) can be obtained using Eq. (2) given in Section 2. Due to the assumption of a symmetrically applied normal load, in Eq. (49), the integral R b Àa xp n ðxÞdx ¼ 0. Using the quadrature formulas the moment equilibrium condition of Eq. (49) can be expressed as
The systems of Eqs. (52) through (54) are to be solved simultaneously to determine the unknown /ðs i Þ at N quadrature points. In addition, c and d also need to be calculated resulting in a total of N + 2 unknowns. Also, it is easily noted that the unknowns c and d enter Eqs. (52)-(54) as a multiplicative factor of the unknown / (s i ). This indicates the inherent nonlinear nature of the problem and a robust iterative technique is devised here to solve the system of equations. Furthermore, it must be noted that the system of Eqs. (52)-(54) yields N + 3 equations for N + 2 unknowns. Clearly we have a case of an overdetermined system with more equations than unknowns.
Previous investigators (see for example Elloumi et al., 2010; Comez, 2010) did not consider the moment equilibrium condition given by Eq. (16b). The only auxiliary condition considered was the force equilibrium given by Eq. (16a). In the work by Elloumi et al. (2010) , while the moment equilibrium equation was ignored, the consistency condition for singular integrals of the first kind with index v = À1 was included. As the consistency condition was considered, for an even number of quadrature points N, the authors ignored the equation corresponding to r k = 0, that is, k = N/2 + 1 in Eq. (52). In fact a similar technique was also explained by Erdogan et al. (1973) and with this Elloumi et al. (2010) could obtain a system of N + 2 equations for N + 2 unknowns which could be solved by an iterative technique. In the other study by Comez (2010) , the moment equation was ignored and the author considered only the force equilibrium condition. So a system similar to Eqs. (52) and (53) was used that yielded N + 2 equations and N + 2 unknowns while Eq. (54) was ignored.
In the present work, however, the authors are of the opinion that the mechanical equilibrium conditions for both force and moments must be satisfied to ensure physics-based solutions for the frictional receding contact problem. Therefore precedence is given to satisfying the discretized forms of force and moment equilibrium given by Eqs. (53) and (54) respectively. Here we do not deliberately try to satisfy the discretized form of the consistency condition as the moment equation has been considered as an additional condition. For frictionless contact problems, a method suggested by Erdogan et al. (1973) was to ignore the equation closest to r = 0 corresponding to k = N/2 + 1 in Eq. (52) to remove the extra equation available. However, when effects of friction are included, the contact region is not symmetrical and the (N/ 2 + 1) th equation must be satisfied to obtain accurate solutions. Jen and Srivastav (1983) showed that when the discretized analog of the consistency condition is not satisfied, ignoring any extra equation that is available leads to errors at nodes in the immediate neighborhood of the node at which the equation is not considered. The same behavior is also noted by the present authors when the equation corresponding k = N/2 + 1 was ignored in (52). This leads to spikes in the solution at the quadrature nodes corresponding to k = N/2 and k = N/2 + 2 leading to unphysical results. Additional details about this point are provided in Appendix B.
Nevertheless it is shown here that accurate solutions to the present problem can still be obtained without neglecting any equation in the system (52). This is achieved by treating (52) as an inconsistent overdetermined system (Jen and Srivastav, 1983; Kim, 1998) where we have N + 1 equations for N unknown /(s i ). A least squares solution is found for the over determined system in Eq. (52) to obtain the N unknown /(s i ). Then the equilibrium conditions (53) and (54) are used as part of an iterative procedure to obtain the values of c and d. An outline of the iterative procedure is given in the following steps:
1. Start the iterative procedure with an initial guess for x 1 ¼ dþc 2 and x 2 ¼ dÀc 2 .
2. With, the values of x 1 and x 2 available from the previous step, c and d can be calculated in a straight forward manner as shown below Now obtain a least squares solution for the N unknown /(s i ) by obtaining a least squares solution for the overdetermined system of equations in (52).
3. Using the values of /(s i ) and x 1 obtained from the previous steps calculate the relative error (E rel ) from the force equilibrium equation (53). The relative error is calculated as (53) . If |E rel | is less than a required tolerance taken as 10 À7 , then the solution has converged and go to step 5. Otherwise, a new value for x 1 is calculated based on a bisection type root finding algorithm applied to the force equilibrium equation (53). Once new x 1 is obtained from the bisection root finding algorithm we go to the next step 4. 4. Here the moment equilibrium equation (54) is used as a predictor type equation for calculating the new value for x 2 based on the latest available values for /(s i ) and x 1 in the iteration procedure. The new value of x 2 is calculated from Eq. (54) as shown below
Using the moment equilibrium condition to predict the values of
x 2 in the iteration procedure ensures that it is automatically satisfied. Once the new value for x 2 is obtained from the above equation, the iteration is continued by going back to step 2. 5. The unknowns /(s i ), c and d satisfying both the moment and force equilibriums are now available. The contact stresses can be calculated at the ith quadrature point from the equation, q Ã ðs i Þ ¼ wðs i Þ/ðs i Þ. Obviously from the physics of the problem the contact stresses must be solely compressive in nature. If presence of any tensile stresses is detected, then the contact region corresponding to the tensile stress area is removed to obtain a new x 1 and x 2 . With these new values we go to step 2 and continue iteration. On the other hand, if only compressive stresses are calculated, then the solution has converged satisfying both force and moment equilibrium and the results are plotted and tabulated. Fig. 1 shows the geometry and coordinate system of the problem considered here. For the numerical results presented here all applied loads on the FGM layer are symmetric about x = 0 and a = b. The effect of four different applied loads p n (x) are investigated (Fig. 3) . Case (a) corresponds to concentrated force with a/ h = 0.01 while cases (b) and (c) represent uniform loading conditions with a/h = 1.0 and a/h = 2.0 respectively. Finally, case (d) corresponds to Hertzian loading for which p n ðxÞ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi 1 À ðx=aÞ 2 q . The stiffness parameter, bh is used to control the behavior of the FGM layer. A compliant graded layer has bh < 0 whereas a stiff graded layer has bh > 0. First, we demonstrate how a converged solution is achieved using the iterative algorithm presented in the preceding section. For the purpose of illustration, consider uniform loading corresponding to case (b) in Fig. 3 started with initial guesses for x 1 and x 2 . Here, initial values of x 1 = 0.1 and x 2 = 0 is used for the first iteration as shown in Fig. 4a . For these initial values of x 1 and x 2 , the corresponding absolute value of the relative error (|E rel |) in the force equilibrium is high and equal to 0.7979. The iterative procedure is continued by estimating new values of x 1 using a bisection type root finding algorithm to minimize |E rel | for the force equilibrium equation (Eq.
Results and discussion
(53)). The new values of x 2 are obtained by using the moment equilibrium condition as a predictor equation as explained in the previous section (Eq. (55d) ). The intermediate solutions for the contact pressure are checked for the presence of tensile stresses. If detected, the contact region corresponding to the region having tensile stresses is removed by altering x 1 and x 2 . The four distinct peaks in x 1 observed in Fig. 4a correspond to the corrections in x 1 when tensile stresses are detected. Corresponding changes are made to x 2 as well, albeit by a smaller magnitude and hence is not clearly visible in Fig. 4a. In Fig. 4b , the logarithmic value of the absolute value of the relative error (log 10 |E rel |) is plotted with respect to the iteration number. The four sudden jumps in the error (shown encircled in the figure) correspond to the intermediate solutions where tensile contact stresses are detected and the necessary adjustments are made to the values of x 1 and x 2 . The iteration is stopped when |E rel | < 10 À7 and the contact pressure consists of only compressive stresses as warranted by the physics of the problem. For the particular case under consideration, this corresponds to the iteration number 63, when |E rel | = 8.4 Â 10 À8 .
The corresponding values of x 1 and x 2 are 1.68 and À0.47 respectively. The bounds of the receding contact can then be calculated using Eqs. (55a,b) and is found as Àc = À2.15 and d = 1.21. Fig. 5 illustrates the effects of friction on the normalized contact pressures when a concentrated load is applied (case (a)). In Fig. 5a , a compliant graded layer with bh ¼ À1 is considered. The homogeneous case is approximated by bh ¼ 0:001 and is shown in Fig. 5b while in Fig. 5c , effect of friction on a stiff graded layer with bh ¼ 1 is considered. It is observed that for a small value of g = 0.001, which is very close to the non-frictional case, the contact pressures are in excellent agreement with El-Borgi et al. (2006) where the receding contact problem without friction was considered. This provides a validation for the Gauss-Chebyshev quadrature-collocation technique and for the least squares method of solving the overdetermined system while simultaneously satisfying force and moment equilibrium. It is clearly evident from the figures that as the friction coefficient is increased the symmetry of the contact pressure across x = 0 is lost. Also observed is that when g is increased there is a consistent shift of the curves to the left with the peak pressures occurring at increasingly negative locations of x. This behavior is expected and can be justified to be a consequence of satisfying the moment equilibrium condition given by Eq. (16b). For the sake of explanation, consider Fig. 2 . As the applied load p n (x) considered here is symmetric across x = 0, it does not produce any moment about the point O. This is because the net applied force P ¼ R a Àa p n ðxÞdx can be considered to be acting through the center of pressure at x = 0. As such it does not produce any moment about the point O. Therefore, it is clear from Fig. 2 that the moments are produced only by the tangential tractions p t and q t . From the figure it is clear that an anticlockwise moment is produced by the frictional forces. Therefore, the resulting contact pressure distribution q n (x) must be produced in such a way that it can counter this anticlockwise moment to ensure equilibrium. Hence the forces from the contact pressure q n (x) must exert a moment in the clockwise direction. This is only possible if the contact pressure distribution is such that its center of pressure lies to the left of the y-axis or x < 0. This is the reason for the curves shifting to the left as seen in Figs. 5 and 6. Also, higher the value of g higher the anticlockwise moments produced by friction and greater is the shift of the resulting contact pressure to the left of the y-axis. In fact it can also be shown that if the direction of the tangential traction is reversed, the contact pressure curves shift towards the right as one would expect following the same line of reasoning. Such a behavior indisputably shows the importance of considering moment equilibrium in frictional receding contact problems. Fig. 6 shows the effect of the stiffness parameter bh on the contact pressure distribution for a fixed g = 0.5. It is clear that as bh is increased from À2 to 2 the peak contact pressure drops. This was also observed by El-Borgi et al. (2006) for the frictionless problem. They explained this effect by considering the flexural rigidity of the graded layer which is defined in terms of the stiffness parameter bh as D ¼ R h 0 y 2 l 0 e bhðy=hÞ dy (El-Borgi et al., 2006) . From this relation it is clear that when bh is higher the flexural rigidity increases. This results in a drop in peak pressure and vice versa. For the case of uniform loading with a/h = 1.0 corresponding to case (b) in Fig. 3 , the contact pressures are plotted in Figs. 7 and 8. Another set of Figs. 9 and 10 show the results for uniform loading with a/h = 2.0 which is case (c) in Fig. 3 . Finally Figs. 11 and 12 illustrate the contact pressure distribution developed for the applied Hertzian load (case (d) in Fig. 3 ). An excellent agreement is obtained for contact pressure distributions for all cases when compared with El-Borgi et al. (2006) by taking g = 0.001 (see Figs. 7 and 9). This proves the robustness of the current methodology and its ability to give accurate solutions for different loading conditions. It is also seen that in all cases, the key observations are very similar to the case of the concentrated load. That is, for a fixed bh, increasing g shifts the contact pressure distribution to the left of yaxis (See Figs. 7, 9 and 11) . Further, for a fixed g, the peak pressure drops with increasing bh (see Figs. 8, 10 and 12) .
Another observation is that in the case of concentrated applied load, the peak contact pressure drops as g is increased for compliant, homogeneous or stiff graded layer (see Fig. 5 ). However, for uniform and Hertzian applied loads, it is observed that the peak contact pressure increases with g for a compliant and homogeneous graded layer (Figs. 7a, b, 9a, b, 11a, b) . For the stiff graded layer, bh ¼ 1, the peak contact pressures remain more or less the same for different g, when the loading is either uniform or Hertzian with a/h = 1.0 as seen in Figs. 7c and 11c. For the same case but with uniform loading with a/h = 2.0, Fig. 9 shows that the peak contact pressure increases with g for all bh.
Conclusion
In this paper the effects of including friction on the receding contact formed when a functionally graded layer is pressed against a homogeneous half space was investigated. A segment on the top surface of the graded layer was subjected to three different normal traction conditions namely, concentrated, uniform and Hertzian. Rest of the surface was considered to be free of any traction. Assuming that the tangential component is related to the normal traction through the Coulomb's law the problem was solved by converting the plane elasticity equations into a singular integral equation using the Fourier transforms of the variables. The resulting singular integral equation was shown to be of the first kind with index À1.0 to be solved for the unknown contact pressures and the receding contact lengths. The singular integral equation was converted to a system of algebraic equations by using the Gauss-Chebyshev quadrature collocation technique. The resulting system was found to be overdetermined and thus a least square solution was obtained by coupling it to an iterative scheme so as to satisfy both the global force and moment equilibrium conditions. A detailed study was conducted to investigate the effect of the material nonhomogeneity parameter of the graded layer bh and friction coefficient g on the contact pressure distribution and receding contact length for different loading conditions. It was shown that for both compliant ðbh < 0Þ and stiff ðbh > 0Þ graded layers acted upon by a normal load symmetric about the yaxis, increasing the friction coefficient g resulted in a shift in the contact pressure distribution curve to the left of the y-axis. This is the consequence of satisfying the moment equilibrium equation. The tangential components of friction generate an anti-clockwise moment and the contact pressure develops in a manner so as to counteract this moment and ensure equilibrium. Furthermore, for a fixed value of the friction coefficient g, it was shown that the peak contact pressure drops when the nonhomogeneity parameter bh is increased. This is attributed to the increase in flexural rigidity of the graded layer as bh is increased. The effect of g on the peak contact pressures depend on the type of loading applied on the top of the graded layer. For example, it was shown that the peak contact pressures reduce with increasing g for concentrated load. However, opposite behavior was observed for the uniform and Hertzian loads with a/h = 1.0.
Mðy; kÞ ¼ Hðy; kÞ þ Hðy; ÀkÞ; Nðy; kÞ ¼ i½Hðy; kÞ À Hðy; ÀkÞ; k > 0; It is clearly evident from the above relations that Mðy; kÞ, Nðy; kÞ, VðkÞ and WðkÞ are real valued functions, just as required by the physics of the problem defined by the singular integral Eq. (39).
Further, the following relations can also be shown to be true for the present problem, In order to numerically evaluate the improper integrals given in Eqs. (46a,b) , it is necessary to identify an upper cut-off point for integration. The upper limit infinity has to be replaced with a sufficiently high number, let us say A, to make an accurate estimation possible from a numerical stand point.
Let us first consider K 1 ðx; tÞ given by Eq. (46a). Divide the integral from 0 to A and from A to 1 as follows:
where A is an integration cut-off point. The second integral in Eq. (A.4.1) can be rewritten by adding and subtracting the asymptotic development of the function 1 b 0 Nð0; kÞ À 1 (Delale and Erdogan, 1983) . Following this procedure Eq. (A.4.1) becomes, K 1 ðx; tÞ ¼ 1
ðA:4:2Þ
Substituting the asymptotic behavior given by Eq. (42) into the above equation, we get,
ðA:4:3Þ
The first integral can now be evaluated using the Gauss-Quadrature technique. For sufficiently large values of A (see Delale and Erdogan, 1983; Erdogan and Gupta, 1972) the second integral goes to zero and is neglected. There are closed-form expressions that can be used to evaluate the third integral given below (Chen, 1990) Z þ1 A sin½kðt À xÞ where n is a positive integer (n = 1,2,. . .), Ci(z) is the cosine integral and si(z) is a function of the sine integral Si(z) and whose expressions are given by Here, a justification for the least squares method of solving the overdetermined system given in Eq. (52a) is provided. The major motive in the present work is to solve Eq. (52a) for the unknown contact pressures at N quadrature points while also satisfying the force and moment equilibrium conditions given by Eqs. (53) and (54).
The values of x 1 and x 2 are calculated from Eqs. (53) and (55d) following the steps for the iterative technique outlined in Section 4. Treating x 1 and x 2 as known, Eq. (52a) has to be solved to determine the unknown /(s i ) at N quadrature points. However, there are N + 1 collocation points and hence Eq. (52a) is an overdetermined system.
For frictionless contact problems it is possible to ignore the equation corresponding to k = N/2 + 1 or r k = 0 in Eq. (52a) resulting in a system of N equations for N unknown /(s i ) which can be solved by any suitable matrix inversion technique. In the frictionless contacts, the contact region is symmetric and accurate solutions are obtained by this technique . However, we show that this technique fails when friction is considered by considering a test case here. For the case of uniform loading, considering N = 100, m ¼ 0:3; bh ¼ À0:5; a=h ¼ 0:1 and g = 0.001, the equation corresponding to k = N/2 + 1 = 51 is ignored and we obtain a converged solution. The small value of g = 0.001 is deliberately chosen to elicit a comparison with the study by El-Borgi et al. (2006) for the frictionless case. Fig. B.1(a) illustrates the comparison between solution obtained by this method (shown as Method-1 in Fig. B.1(a) ) and El-Borgi et al. (2006) . Even for a small value of g the nodes neighboring k = 51, corresponding to k = 50 and k = 52, have large errors rendering this technique unacceptable for the problem under consideration here. As g is increased, it can be shown that the errors become more severe. Jen and Srivastav (1983) showed that such errors arise when the discrete analog of the consistency condition is not satisfied numerically. As explained in Section 4, here we do not deliberately try to satisfy the consistency condition as the force and moment equilibrium conditions need to be satisfied to ensure physics-based results.
Therefore, in the present study Eq. (52a) is treated as an overdetermined system and a least squares solution is obtained (Jen and Srivastav, 1983; Kim, 1998) . Fig. B.1(b) shows the comparison of the solution obtained with El-Borgi et al. (2006) . The same parameters used in the test case for Method-1 are used here. Clearly, in Fig. B.1(b) an excellent agreement is obtained and the errors owing to ignoring the equation at k = 51 are non-existent. Thus by considering Eq. (52a) as an overdetermined system and using the least squares method, accurate physics-based solutions are obtained that satisfy simultaneously the force and moment equilibrium in addition to the consistency condition. 
